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We obtain a general global attractivity result for a difference equation of the
Ž . Ž .form x s f x , x , n s 0, 1, . . . , where f x, y is strictly decreasing in bothnq 1 n ny1
arguments. The result applies to the difference equation x s Arx p q 1rx1r p ,nq 1 n ny1
Ž .n s 0, 1, . . . , where x , x , A g 0, ‘ and p ) 1. Q 1999 Academic Pressy1 0
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1. INTRODUCTION
Our aim in this paper is to investigate the global asymptotic stability of
the positive equilibrium of a difference equation of the form
x s f x , x , n s 0, 1, . . . , 1Ž . Ž .nq1 n ny1
Ž .where f x, y is strictly decreasing in both arguments. We use our result to
obtain a sufficient condition for the global asymptotic stability of the
equilibrium solution of the equation
A 1
x s q , n s 0, 1, . . . , 2Ž .nq1 p 1r px xn ny1
where
x , x , A g 0, ‘ and p ) 1. 3Ž . Ž .y1 0
w xThe case p s 2 was considered in 1 , where it was shown that the
positive equilibrium was locally asymptotically stable when 0 - A - 15r4.
It was also shown that a period two solution exists when A ) 15r4.
The general equation
A 1
x s q , n s 0, 1, . . . , 4Ž .nq1 p qx xn ny1
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where
x , x , A , p , q g 0, ‘ ,Ž .y1 0
w x w x w xwas investigated in 2 and 3 . In 2 it was shown that when
p F 1 and q F 1,
Ž . w xthe positive equilibrium of Eq. 4 is globally asymptotically stable. In 3 it
was shown that a necessary and sufficient condition for every solution of
Ž .Eq. 4 to be bounded and to persist is
pq F 1.
w x w xFor the behavior of solutions of some related equations, see 4 and 5 .
 4 Ž .A positi¤e semicycle of a solution x of Eq. 1 consists of a ``string'' ofn
 4terms x , x , . . . , x , all greater than or equal to x, with l G y1 andl lq1 m
m F ‘ and such that
either l s y1, or l ) y1 and x - xly1
and
either m s ‘, or m - ‘ and x - x .mq 1
 4 Ž .A negati¤e semicycle of a solution x of Eq. 1 consists of a ``string'' ofn
 4terms x , x , . . . , x , all less than x, with l G y1 and m F ‘ and suchl lq1 m
that
either l s y1, or l ) y1 and x G xly1
and
either m s ‘, or m - ‘ and x G x .mq 1
The first semicycle of a solution starts with the term x and is positive ify1
x G x and negative if x - x.y1 y1
2. GLOBAL STABILITY
In this section we prove the following general global attractivity result.
w xFor some related results see 4 .
wŽ . Ž . Ž .xTHEOREM 1. Assume that f g C 0, ‘ = 0, ‘ , 0, ‘ is strictly decreas-
ing in both arguments and let x denote the unique positi¤e equilibrium of Eq.
Ž .1 . Set
h x s min f f x , x , x , f f x , x , f x , x . 4Ž . Ž . Ž . Ž .Ž . Ž .
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Suppose that
h x ) x for x g 0, x .Ž . Ž .
Then x is globally asymptotically stable.
Proof. It is clear from the decreasing nature of f that the semicycles of
Ž .every solution of Eq. 1 have length at most 2. We will construct a strictly
 4increasing sequence of lower bounds L for the minimum terms ofn
consecutive negative semicycles. For any N ) y1, suppose that x is theN
last term of a negative semicycle. Choose L ) 0 so that1
 4L - min x , x - x .1 Ny1 N
Ž .Let x be the last term of the next negative semicycle. Let L s h L )M 2 1
L . We shall show that1
 4L - min x , x - x .2 My1 M
Set
g x s f x , x .Ž . Ž .
Now x is the last term of a negative semicycle, so it is true that x G xN Nq1
and
x s f x , x - f L , L s g L .Ž . Ž . Ž .Nq1 N Ny1 1 1 1
Thus we have
 4L - min x , x - x F x - g L .Ž .1 Ny1 N Nq1 1
We divide the proof into two cases.
Case 1. x - x. ThenNq2
x s f x , x ) f g L , x G h L s L .Ž . Ž . Ž .Ž .Nq2 Nq1 N 1 1 2
Also
x s f x , x ) f x , g L ) f f x , L , g LŽ . Ž . Ž .Ž .Ž . Ž .Nq3 Nq2 Nq1 1 1 1
G h L s L .Ž .1 2
Ž .This last statement follows from the fact that f x, L ) x. Thus the1
minimum in this semicycle is larger than L , as desired.2
Case 2. x G x. ThenNq2
x s f x , x - f x , L - g L .Ž . Ž .Ž .Nq2 Nq1 N 1 1
DEVAULT AND GALMINAS462
Since any semicycle has a maximum length of 2, it is clear that x - x.Nq3
Also
x s f x , x ) f f x , L , g L G h L s L .Ž . Ž . Ž .Ž .Ž .Nq3 Nq2 Nq1 1 1 1 2
Finally,
x s f x , x ) f x , g L ) f f x , L , g LŽ . Ž . Ž .Ž .Ž . Ž .Nq4 Nq3 Nq2 1 1 1
G h L s L .Ž .1 2
Thus the minimum of this semicycle is larger than L also. So in either2
case
 4L - min x , x - x .2 My1 M
It is now clear that we can inductively construct a strictly increasing
sequence of lower bounds
L - L - ??? - L - L - ??? - x1 2 n nq1
for the minimum terms of consecutive negative semicycles, where
L s h L .Ž .nq1 n
Thus
lim L s L F x .n
n“‘
Ž .However, since x s x is the only solution of h x s x for x F x, it must be
true that L s x and so
lim L s x .n
n“‘
This implies that the terms of the negative semicycles converge to x. From
here it can be seen that the terms of the positive semicycles also converge
to x, and so
lim x s x .n
n“‘
Ž .Thus x is a global attractor of all solutions of Eq. 1 . Local asymptotic
stability follows is a similar fashion. The proof is complete.
Ž .3. GLOBAL ASYMPTOTIC STABILITY OF EQUATION 2
In this section we find conditions for the positive equilibrium x of Eq.
Ž .2 to be globally asymptotically stable.
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Ž .THEOREM 2. Suppose that 3 holds. Then a sufficient condition for the
Ž .global asymptotic stability of the positi¤e equilibrium x of Eq. 2 is that
2 py1
2'2 1 q 4 p y 3ž /
0 - A F . 5Ž .p24 p y 4Ž .
Proof. It is clear that
A 1
f x , y s qŽ . p 1r px y
is strictly decreasing in both arguments. Thus by Theorem 1, it suffices to
Ž .show that for each x g 0, x ,
h x s min f g x , x , f f x , x , g x ) x , 4Ž . Ž . Ž . Ž .Ž . Ž .
where
A q x Ž p2y1 .r p
g x s f x , x s .Ž . Ž . px
Set
2pAx 1
a x s q .Ž . p 1rp21r p p Ž p y1.r pAx q xŽ . A q xŽ .
Then
A 1
f f x , x , g x s qŽ . Ž .Ž . p 1rp2p 1r p Ž p y1.r p pArx q 1rxŽ . A q x rxŽ .Ž .
2pAx 1
s x qp 1rp21r p p Ž p y1.r pž /Ax q xŽ . A q xŽ .
s xa x .Ž .
Thus
f f x , x , g x ) x for 0 - x - x 6Ž . Ž . Ž .Ž .
if and only if
a x ) 1 for 0 - x - x .Ž .
Ž . Ž .Since a x is decreasing for A ) 0 and p ) 1, condition 6 holds.
Ž Ž . .We now consider f g x , x . Set
Ax p
2
1
b x s f g x , x s q for x ) 0.Ž . Ž .Ž . p 1r p2Ž p y1.r p xA q xŽ .
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Then
Ax p
2y1 Ap2 q x Ž p2y1 .r pŽ .
b9 x s ) 0 for x ) 0Ž . pq12Ž p y1.r pA q xŽ .
and
2 2p y1 2 Ž p y1.r pAx Ap q xŽ .
b9 x s . 7Ž . Ž .pq12Ž p y1.r pA q xŽ .
We shall show that the following are equivalent:
Ž . Ž .i Condition 5 ,
Ž . Ž .ii b9 x F 1, and
Ž . Ž . Ž .iii b x ) x for x g 0, x .
Now
A 1
x s q ,p 1r px x
and so
2Ž p y1.r p pq1x s x y A.
Ž .Substituting this last equation into 7 gives
2 2 2 pq1A p y A q Ax
b9 x s .Ž . 2Ž pq1.x
Ž .From here it is clear that b9 x F 1 if and only if
2Ž pq1. pq1 2 2x y Ax q A 1 y p G 0. 8Ž .Ž .
pq1This is a quadratic inequality in x with positive root
2'1 q 4 p y 3
pq1x s A .ž /2
Ž .Thus 8 holds if and only if
Ž .1r pq1
2'1 q 4 p y 3
1rŽ pq1.x G A . 9Ž .ž /2
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Let
w x s x pq1 y x Ž p2y1 .r p y AŽ .
and let
Ž .1r pq1
2'1 q 4 p y 3
1rŽ pq1.R s A .ž /2
Ž . Ž .It is easy to see that x F x if and only if w x F 0. Thus 9 holds if and
Ž . Ž .only if w R F 0. This condition is equivalent to 5 , which establishes the
Ž . Ž .equivalence of i and ii .
Now
x p
2y2A2 p y 1 p q 1 Ap3 q x Ž p2y1 .r p yp2 q p q 1Ž . Ž . Ž .Ž .
b0 x s .Ž . pq22Ž p y1.r pp A q xŽ .
Ž . 2Since p ) 1, it is true that b0 x ) 0 for x ) 0 if and only if yp q p q 1
G 0. That is,
'1 q 5
1 - p F . 10Ž .
2
Ž . Ž . Ž .Thus if 10 holds, then both b9 x and b0 x are positive for all x ) 0. In
Ž . Ž .this case, ii and iii are clearly equivalent.
Now suppose that
'1 q 5
p ) .
2
Ž .In this case b x has exactly one point of inflection,
Ž 2 .pr p y13p A
x s ,Ä 2ž /p y p y 1
Ž . Ž .where b0 x ) 0 for 0 - x - x and b0 x - 0 for x ) x.Ä Ä
Ž .Consider the case when x ) x. Then b0 x ) 0 for x - x. Just asÄ
Ž . Ž .before, ii holds if and only if iii holds.
Ž .Finally suppose x F x. Then it can be seen that when b9 x F 1, it isÄ
Ž . Ž .true that b9 x F 1. From here it follows that b9 x F 1 for all x ) 0 andÄ
Ž . Ž .so x is the only solution to b x s x. Thus iii holds. In any case, we see
Ž .that condition 5 is equivalent to the hypotheses of Theorem 1 holding for
Ž .Eq. 2 . The proof is complete.
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